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Abstract—Networked multi-agent frameworks frequently uti-
lize graph-based communication structures to represent agent
dynamics. When integrating these network configurations via
a tensor product mechanism, the overall system suffers from
a multiplicative escalation in processing complexity, which sig-
nificantly hinders scalability. To alleviate this challenge, this
study investigates the minimization of vertex complexity in
tensor product directed graphs by exploiting the algebraic
properties of quotient graphs. The introduced methodology
identifies behaviorally equivalent states, specifically nodes that
exhibit identical sets of incoming and outgoing connections,
and consolidates them into unified macro-nodes via bisimulation
partitioning. Analytical evaluation indicates that this quotient
abstraction retains crucial structural features, such as strong
connectivity and consensus performance, while considerably
lowering overall computational overhead. Numerical experiments
conducted on standard communication topologies confirm that
the achieved complexity reduction correlates directly with the
structural symmetry of the baseline digraphs. Highly symmetric
configurations, including directed cycles and complete networks,
demonstrate optimal compression, whereas irregular structures
yield marginal improvements. Ultimately, these results indicate
that the proposed framework delivers a mathematically rigorous
and effective solution for expanding multi-agent architectures
without compromising topological accuracy. Keywords: directed
graph, tensor product, quotient graph, vertex complexity, multi-
agent system, bisimulation, graph homomorphism

I. INTRODUCTION

Recent advances in autonomous technologies have accel-
erated the adoption of Multi-Agent Systems (MAS) across a
wide range of applications, including coordinated unmanned
aerial vehicle formations, cooperative robotic swarms, and
distributed sensing infrastructures. Capturing the interaction
patterns among multiple agents with sufficient fidelity is
essential for assessing coordination behavior, guaranteeing op-
erational safety, and verifying the correctness of control strate-
gies. Within the framework of networked control systems,
the collective state space of a distributed MAS is commonly
represented through the tensor product of individual directed
graphs, a construction alternatively referred to as the categor-
ical product or Kronecker product. Under this representation,
each agent is associated with its own state-transition digraph,
while vertices in the resulting product graph correspond to

joint system configurations that describe the concurrent states
of all participating agents. Despite its expressive power, this
modeling approach encounters a fundamental scalability chal-
lenge. Consider a collection of & homogeneous agents, each
characterized by a transition graph containing n states. The
corresponding tensor product network G®* contains n* dis-
tinct configurations. Such exponential growth exemplifies the
well-known phenomenon of combinatorial explosion. As the
number of agents increases, the associated state space rapidly
becomes prohibitively large, rendering procedures such as
reachability verification, path analysis, and formal validation
increasingly expensive and, in many cases, computationally
infeasible under practical hardware constraints. Consequently,
scalable verification frameworks require abstraction techniques
capable of reducing state-space size while preserving essential
structural and homomorphic characteristics. To address this
issue, this study proposes a two-stage abstraction framework
aimed at reducing vertex complexity in tensor product di-
graphs through quotient-based representations. The first stage
performs state-space pruning using a reachability exploration
process initiated from a designated initial state sg. This
procedure removes configurations that are theoretically valid
yet unreachable during actual system operation. The second
stage exploits the symmetry arising from agent homogeneity
by introducing a permutation-based equivalence relation ~
over the remaining states. Through this relation, states that
differ only by agent permutations are identified as equivalent
and subsequently merged into representative macro-vertices,
producing a compact quotient graph. The primary contribution
of this paper is the development of a scalable state-space
reduction methodology grounded in principles from algebraic
graph theory. It is shown that the resulting quotient represen-
tation preserves key structural properties of the original tensor
product graph, particularly those related to reachability and
coverage within the system. The effectiveness of the proposed
approach is further examined through a multi-UAV case study
in which each vehicle is modeled using four operational states.
Experimental results demonstrate a substantial decrease in
vertex-related complexity within the composite network. Be-
yond reducing memory requirements, the proposed abstraction
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framework establishes a rigorous mathematical foundation for
deriving reduction guarantees in larger and more sophisticated
multi-agent systems.

II. THEORETICAL BACKGROUND

A. Graphs

A graph is a mathematical structure used to model rela-
tionships between objects within a set. Formally, a graph is
defined as follows.

Definition 1 (Graph). A graph G is a pair G = (V, E) where
V is a finite non-empty set called the vertex set, and E is a
set of unordered pairs of elements of V' called the edge set

(10, [2].

Definition 2 (Vertex Degree). The degree of a vertex v
in a graph G, denoted by deg(v), is the number of edges
connecting vertex v with other vertices in G [1]].

Graphs can be represented in various forms, one of which
is the adjacency matrix A(G) of size n x n where n = |V|,
with entries A;; = 1 if there is an edge between vertices v;
and v;, and A;; = 0 otherwise [1]}, [3].

B. Directed Graphs

A directed graph or digraph is an extension of an ordinary
graph where each edge has a specific direction. This concept
is highly relevant in modeling systems where the relationships
between elements are asymmetric, such as communication
networks in multi-agent systems.

Definition 3 (Directed Graph). A directed graph or digraph G
is an ordered pair G = (V, E') where V is a finite non-empty
set called the vertex set, and E C V x V is a set of ordered
pairs called the arc set. Each arc e = (u,v) € E is directed
from vertex u to vertex v [1]], [4].

Definition 4 (In-Degree and Out-Degree). In a digraph G =
(V, E), for each vertex v € V, the following are defined:

o In-degree: deg™ (v) = {u €V : (u,v) € E}|

o Out-degree: deg™ (v) = |[{w € V : (v,w) € E}|

(L, 14

Definition 5 (Strong Connectivity). A digraph G = (V) E)
is said to be strongly connected if for every pair of vertices
u,v € V, there exists a directed path from v to v and from v
to w [1]I, [4].

The adjacency matrix of a digraph G with |V| = n is
defined as a matrix A(G) € {0,1}"*" with:

1 if (v,v5) € E
0 otherwise

AG)y = { ()

It should be noted that in a digraph, the adjacency matrix does
not have to be symmetric, unlike an undirected graph []1].

C. Tensor Product of Directed Graphs

The tensor product is a binary operation on graphs that
yields a new graph from two given graphs. This operation is

also known as the Kronecker product or categorical product
151, (6]

Definition 6 (Tensor Product). Given two digraphs G; =
(Vi, E1) and Gy = (Vi, E3). The tensor product of Gy and
G4, denoted by G1 ® G, is a digraph H = (V, E) with:
e V =1V x Vs, which is the Cartesian product of the vertex
sets
o E={((u1,u2), (v1,v2)):
Es}
(511, (6]

(ui,v1) € Fy and (ug,v3) €

Based on the definition above, the following properties are
obtained.

Proposition 1. For each vertex (u,v) € V(G1 ® Gs), the
following holds:

2
3)

deg}}(u,v) = dega(u) -degzg2 (v)
degy(u,v) = degg, (u) - degg, (v)
(6l

Proposition 2. The tensor product is commutative and asso-
ciative up to isomorphism:

GGy =2 Gy ® Gy
(G1®G2) ®G3 =
G1 ® (G2 ® G3)

“4)

&)
Loj

If A; and A are the adjacency matrices of G and G, then
the adjacency matrix of G; ® G2 is the Kronecker product
A ® Ag [6].

D. Vertex Complexity

The concept of vertex complexity is used to measure the
computational load borne by each vertex in a digraph, partic-
ularly in the context of information processing in multi-agent
systems.

Definition 7 (Vertex Complexity). The vertex complexity r(v)

of a vertex v in a digraph G is defined as:
K(v) = deg™ (v) - deg™ (v) (6)

This value represents the number of incoming-outgoing inter-
action pairs that must be processed by vertex v.

Definition 8 (Total Complexity). The fotal complexity of a
digraph G is defined as:

K@) =3 k(w) = 3 deg™(v) - deg ™ ()

veV veV

)

From the definitions of the tensor product and vertex
complexity, the following important property is obtained.



Proposition 3. For each vertex (u,v) € V(G1 ® Ga), its
vertex complexity is:

III. DIScuUSSION

A. Problem Formulation

ki (u,v) = deg&l(u)-degaz (v)-deggl(u)deggz (v) = kg, (U)'“Gﬂﬁ’ﬁpose there are two digraphs G; = (V4, E7) and Gy =

®)

Consequently, the total complexity of the tensor product
grows multiplicatively:

K(G1 @ G2) = K(G1) - K(Ga) ©)

This growth is a major issue in large-scale multi-agent sys-
tems, motivating the use of quotient graphs as a reduction
solution.

E. Quotient Graph

A quotient graph is the result of simplifying a graph by
grouping behaviorally equivalent vertices into a single vertex
that represents the group.

Definition 9 (Vertex Partition). Given a digraph G = (V, E).
A partition T1 = {V;,Va,...,Vi} of V is a collection of
subsets satisfying:
o ViNV; =0 forevery i #j
. Uf:l Vi=V
(71

(mutually disjoint)
(covering all of V)

Definition 10 (Behavioral Equivalence). Two vertices
wy,wy € V(G) are said to be behaviorally equivalent, denoted
as wy ~ we, if and only if:
. N+(’LU1) = N+(U)2)
. N*(wl) = Ni(wg)
where N*(v) and N~ (v) denote the out-neighbor and in-
neighbor sets of vertex v, respectively [8]].

(identical out-neighbor sets)
(identical in-neighbor sets)

Definition 11 (Quotient Graph). Given a digraph G = (V, E)
and a partition IT = {V, V5, ..., Vi } of V. The quotient graph
G/I1 is a digraph with:

o Vertex set: V(G/II) = {V1, Va,..., Vi }
o Arc set: (V;,V;) € E(G/II) if and only if there exist
u € V; and v € V; such that (u,v) € E

(71, 13l

Lemma 1. Given a digraph G = (V, E) and a partition 11
that induces the quotient graph G /11, the following holds:

V(G/ID < [V(G)],  [BE(G/]<[EG)]  10)
with equality holding if and only if 11 is a trivial partition
(each class contains exactly one element) [7].

The construction of a quotient graph is fundamentally a
graph homomorphism, i.e., a mapping ¢ : V — V(G/II) with
¢(u) = V; for each u € V;, which preserves the adjacency
relationships between vertices [7].

(Va, E5) representing two different communication networks
in a multi-agent system. Their tensor product yields a digraph
H = G71 ® G2 with |V4] - |Va] vertices. The total complexity
of H satisfies:
K(H) = K(G1) - K(G2) (11)
This means that whenever the number of agents or network
layers increases, the complexity grows multiplicatively—not
additively. This becomes a serious issue when the system is
large-scale. The purpose of this discussion is to demonstrate
that by using a quotient graph, this complexity can be mini-
mized without altering the overall behavior of the system.

B. Degree Profiles and Vertex Complexity

In a tensor product, each vertex (u,v) € V(H) is formed
from a pair of one vertex in (G; and one vertex in Gao. Its
degrees follow the rules:

deg™ H(u,v) = degg1 (u) - degg2 (v)
deg™ H(u,v) = degg, (u) - degg, (v)

12)
13)

Thus, the complexity of vertex (u,v) is:
ko (u,v) = degg, (u) - degg, (v) - degd;, (u) - degd, (v) (14)

Important observation: two vertices (u1,v1) and (ug,vs)
have exactly the same complexity if the degree profile u; = us
in GG; and the degree profile v; = vy in G5. Such vertices are
candidates for consolidation in the quotient graph.

C. Construction of Quotient Graph from Tensor Product

The main idea of this method is: vertices that behave
identically in the system do not need to be computed multiple
times. They can be grouped into a single representative vertex
via a quotient graph. Construction steps:

1) Determine the partition II; on Vj: group vertices in
G, that have the same in-neighbors and out-neighbors
(behaviorally equivalent).

2) Determine the partition IIs on V5 in the same manner
for Go.

3) Form the optimal partition on H: (u1,v1) ~ (ug,ve) if
and only if u; ~p1, ug and vy ~p, vo.

4) The quotient graph H/II* is formed by rendering each
equivalence class as a single vertex, with arcs between
classes if there is a connected pair of member vertices
in H.

The number of vertices in the resulting quotient graph is

|V (H/II*)| = k1 - k2, where k; is the number of equivalence
classes in G;.



D. Complexity Reduction Bounds

In general, the complexity reduction produced by a quotient
graph follows the bound below.

Theorem 1 (Upper Bound on Complexity Reduction). Given

H = G; ® Gy with an optimal partition 1I*. The total
complexity of the quotient graph satisfies:
K(H
Ky < KU (1s)
1 -T2

where r; = |V;|/k; is the reduction ratio on the i-th
component, which represents the average number of vertices
collapsed into a single equivalence class.

Table [I] provides an overview of the complexity reduction
for various topologies commonly encountered in MAS.

TABLE I: Comparison of complexity before and after quotient
reduction for various MAS topologies

F. Application Example

To concretely illustrate the complexity reduction process,
the application of the quotient graph method to a multi-agent
system consisting of two autonomous drones is presented be-
low. Each drone is modeled as a digraph with four operational
states, then composed via the tensor product and reduced using
a behavioral equivalence partition.

1) Component State Machine Graph Modeling: The system
under test consists of two identical drones, namely Drone 1
(G1) and Drone 2 (G5). Each drone is modeled as a digraph
with the vertex set:

V = {Idle, Takeoff, Mission_A, Mission_B}

The transition structure of both components is designed sym-
metrically: states Mission_A and Mission_B have similar in-
and out-neighbor patterns—both are triggered from Takeoff
and lead back to Idle. Thus, both mission states are strong
candidates to be merged in the behavioral equivalence parti-
tion. The digraph structure of each component is shown in

Ficure E]‘
t=}

Topology G1 Topology G2 K(H) K(H/IT*) Reduction

én C_"m n-m 1 n - m times

én K 2 2n 1 2n times ot - .
B, Cm variable >1 depends on symmetry " .
Random graph  Random graph  K(H) ~ K(H) ~1x

The last row in Table [I| shows that this method is most
effective on regular and symmetric topologies, which are
indeed common in structured MAS such as robot formations
or sensor networks.

E. Interpretation in Multi-Agent Systems

The above results have a direct implication in the context
of MAS. Agent role equivalence. Two agents (up,v;) and
(ug,v2) can be combined in a quotient graph if and only if
they both receive information from the same group of agents
and forward information to the same group of agents. In other
words, they perform an identical functional role within the
system. Consensus protocol efficiency. In consensus protocols
that utilize the adjacency matrix, the state update operation:

2(t +1) = A(H) z(t) (16)

can be replaced with a lighter version at the quotient level:

¥ (t+1) = A(H/IT*) z*(t) 7
where z* is the reduced state vector. Since |V (H/IT*)| <
|V (H)| on regular topologies, the computational cost per time
step is significantly reduced. Connectivity preservation. The
formation of a quotient graph through bisimulation partitioning
does not destroy the essential connectivity structure of the
system. If H is strongly connected, then H /II* is also strongly
connected. Thus, properties such as information reachability
and consensus convergence are preserved.

D1:Takeoff

Dl:Mission

(a) State Machine Drone 1 (G1)

D2:Mission_8 » D2uidle

% x

D2:Takeoff

o2:Missionk

(b) State Machine Drone 2 (G2)

Fig. 1: Directed graph model of the component drone state
machines.

The complexity of each component is calculated as:
K(G1) = K(G2) =6

2) Tensor Product Composition: The collective state space
of the system is represented by the tensor product H = G; ®
G-. Based on the definition of the tensor product, the vertex
set of the resulting composition is:

VH)=VixV,, |V(H)=4x4=16



with an arc ((u1,us2), (v1,v2)) € E(H) if and only if
(u1,v1) € Eq and (ug,vs) € F simultaneously. According to
Theorem|T] the total complexity of the tensor product satisfies:

K(H) = K(G1) - K(G2) = 6 x 6 = 36

This result is verified numerically by the implementation
program (PASS). The tensor product graph with 16 vertices
is shown in Figure [2]

Tensor Product Graph (G1 x G2) - 16 Nodes

40

10

Fig. 2: Graph resulting from the tensor product H = G; ® Gs
with 16 vertices.

3) Reduction via Quotient Graph: To address state-space
explosion, a behavioral equivalence partition II* is applied.
Two vertices (u1,u2) and (vi,vs2) are grouped into the same
class if and only if they have identical in-neighbor and out-
neighbor sets within /7. Through this partition, the 16 vertices
in H are successfully compressed into a quotient graph H /IT*
with only 9 equivalence classes (Class 0 to Class 8), as shown
in Figure [3]

According to Theorem [I} the complexity of the quotient
graph satisfies the upper bound:

K(H)

1 -T2

K(H/ITY) <

where r; = |V;|/k; is the reduction ratio. In this case:

K(H) 36
-=~133 = =
3 T1 T2 1.33 x 1.33

The program calculation results show that K(H/IT*) = 9,
thereby satisfying the inequality 9 < 20.25 (PASS). A compar-
ison of the complexity before and after reduction is presented
in Figure [

4) Equivalence Class Decomposition: The details of the
mapping from the 16 original states into the 9 equivalence
classes are presented in Table

Class 8 in Table [II] provides the most representative il-
lustration of the effectiveness of this reduction. When both

~ 20.25

r =T =

Kelas 1
(1 states)

Kelas 3
(1 states)

Kelas 8
(4 states)

Kelas 6
(2 states)

SWH\ Kelas 7

(2 states)

Fig. 3: Quotient graph H/IT* resulting from symmetry reduc-
tion into 9 equivalence classes.

Total Complexity Comparison (Sederhana)

36

35

304

N} N
1= o

Total Complexity

-
a

Gl (Dr‘one 1) G2 (Drlone 2) H (Tevnsor) H/n* (Q‘uotient)

Fig. 4: Comparison of the total system complexity before and
after quotient graph reduction.

TABLE II: Behavioral equivalence class decomposition on the
quotient graph H /IT*

Class | Quantity | Members (Drone_1, Drone_2)

0 1 (Idle, Idle)

1 1 (Idle, Takeoff)

2 2 (Idle, Mission_A), (Idle, Mission_B)

3 1 (Takeoff, Idle)

4 1 (Takeoff, Takeoff)

5 2 (Takeoff, Mission_A), (Takeoff, Mission_B)

6 2 (Mission_A, Idle), (Mission_B, Idle)

7 2 (Mission_A, Takeoff), (Mission_B, Takeoff)

8 4 (Mission_A, Mission_A), (Mission_A, Mission_B),
(Mission_B, Mission_A), (Mission_B, Mission_B)




drones are in the mission execution phase, all variations
of path combinations ((AA), (AB), (BA), (BB)) have com-
pletely identical neighbor patterns, causing these four states to
be collapsed into a single macro vertex. Overall, the reduction
from 16 vertices to 9 classes demonstrates that the system
complexity drops from 36 to 9, which is equivalent to a
computational saving of 75%, without losing the fundamental
connectivity or the strongly connected property of the original
graph.

G. Method Limitations

Several conditions that limit the effectiveness of this method
should be noted. First, this method is most effective on di-
graphs that possess high symmetry. If G; or G is an irregular
graph without symmetry patterns, the resulting equivalence
classes will be of size one, such that H/IT* & H and no re-
duction occurs. Second, not all graph properties are preserved
by the quotient. For instance, the number of simple paths of
a certain length may change. Therefore, users need to ensure
that the properties relevant to their system—such as strong
connectivity and communication reachability—belong to the
class of properties preserved by the graph homomorphism
used. Third, for MAS whose topology changes dynamically
(agents joining or leaving the network), the bisimulation
partition must be recomputed each time a topological change
occurs. This introduces a computational overhead that must be
accounted for in real-world implementations.

IV. CONCLUSION

This study examined a quotient graph abstraction founded
on behavioral equivalence as a mechanism for reducing vertex
complexity in tensor product digraphs arising from multi-agent
systems. Since the overall complexity of a tensor product
network increases according to K(H) = K(G1) - K(G2),
controlling state-space growth becomes essential when dealing
with large collections of interacting agents. The proposed
partitioning strategy II groups vertices exhibiting identical
incoming and outgoing neighborhood structures, producing
a reduced representation that satisfies the theoretical bound
K(H/ID < K(H)/(r1 - r2). Application of the method to
a two-drone system, where each vehicle operates over four
distinct states, demonstrated a reduction in total complexity
from 36 to 9. This corresponds to a computational saving of
75%. Equally important, the quotient construction preserves
fundamental topological characteristics through the associ-
ated graph homomorphism, particularly strong connectivity,
thereby maintaining the integrity of information flow through-
out the network. The effectiveness of the reduction is strongly
influenced by the structural properties of the underlying
topology. Highly symmetric graphs provide substantial com-
pression, whereas irregular or randomly organized networks
offer comparatively limited opportunities for simplification.
Subsequent work may extend the proposed framework to
layered multi-component architectures capable of representing
richer patterns of agent interaction. Another promising direc-
tion involves the investigation of approximate bisimulation

techniques for networks that exhibit partial symmetry rather
than exact structural equivalence. Future studies may also
explore the incorporation of quotient-based reductions directly
into distributed consensus algorithms to further improve com-
putational efficiency in large-scale multi-agent environments.
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